
Modull theary of v .buulles and Gieseken stability .

Recalli

Xsanthproy.var. /k

The euctor

Schep→ Sets

S → Pic (X ×S) IpsPic (s ) where sxxs → s
.

is nepresented by the picard schewe Picx
,
ie .
,

for any S ε Sche , piclxx5 }/ ps*Picls]= lome [ S, Picx ) =÷: Picx(s )

よい particular, we have Picxlk) = PicC×3

Cclosed pts of Picx

Homever
, picx can be hug.e . but it decomposes into small pieces :

picx = W PicyP
, .
wherePicx'ck }parametrizeslinebundles on X

{
projective wt a fixeel Hilb

. polyromial P .

Recall by HRRthm ,
me compute

P[L, m] ÷ x [X , L(m))
= fch (el ch (ocn)] tal(× ) ,
which onls depends on ci [s) and (x , 0( ))

.

Question Can meconstructmoluli theoy gor w .
bundles of higher rrks?ー

Two problems even onlp'.

( finitetype )
Consider En① (u)* OL -ns on ip ' (u×03 . Clearly , ho (Ea] = nt 1 , so each Eu is not

Isom . to eacd other
.

on the other hand
,
c : (En) = 0 tis0

,
so they all shre

the same ffilb. polynoncal ( and the same llakai vectors)
.

Now
. suppose there. is a moduli space U parametrizing all E.

Then
. since ho [E ] ≥ m is a closcelcoudition ,e has a strictly lescenling

chain . 4 En 4… 4 Zo =µ
,

so µ is not of finste type .

品



(Separatedness)

On (p' ,Extip ,( OC ( ) ,( - ( ) ) = H
" (LP ,O-2 ]} = k ,

川
SO Kaλ →O→ O [ - 1) → Ex → θ( 1 ) → 0 .

(NoreEλ≡00 if λto } . .

We can then coastruct aw .bumdle EonAlxpI sothatEI ×(PI ≈E .

Indeed , forw . bundles ^

f , g on X , me can construct a w .bundke EonExtIia,g) × X

so that Exta [4 ,g 1 aλ →
h

" o →^→ Elaxx → g → 0 .

"

unversal family of exteusious "

Romk 3 ,5 .

Suppose there exists a molulsspacen ofhigherrankv . bundleson tp ',
ie .
, Hom[ ×, µ)= { V . bundles ou X × x1

P' }/
～

.Then , Eabone induces amorphism
A'
tM such that λ'lfo }getsseutto[oo ] EMicand $ o} get, @tto [Ocs*ou-)]

→µ is hot separatecl .
(cousider base change to each speck in *)

Thus
,
me should adel some extra conditions .Fusteadofslopestabiliy ,

we
' ll use (Gieseker) stabiliy in dimsz ,

wnichbasthefollowing advantages .
( i ) We have more pts in the

' moduli space
"

.

( ii ) translation to GIF- stabillty is move direet .
( i い ; )Stabiliy for torsion sheanes makes sense .

H

( y, Ou,
)

polarizalproj.scheve .
The Hilb . polymonial for acoh . sheaf ^y is

PC,m) : = λ (¥o) ) = ψ α ;(*) 節/ α i( 子 ) ε cand d =din(supp)=idim
.

Noteifdin̂ f =dint= d

,then.nky=o ) .

A coh. sheaf E of dim d is caliedpure if foray subsheaf FEE , dinF=d.

A sheaf of max .
dim

,
is pure ⇒ tors- free

.




